A generalized homology of a generalized hexagon 5^ is an automorphism of S? fixing all points on two mutually opposite lines or fixing all lines through two mutually opposite points. We show that if 5? is finite and if it admits "many" generalized homologies, then 5? is Moufang and hence classical.
Introduction and notation, A (finite thick) generalized hexagon of order (s, t) is a point-line incidence geometry S? = (P, B, /) satisfying (GH 1) up to (GH 4).
(GH 1) There are s + 1 points incident with each line, s > 1.
(GH 2) There are t + 1 lines incident with each point, t > 1.
(GH 3) Every two varieties (a variety is a point or a line) lie in a common circuit consisting of six points and six lines.
(GH 4) For every circuit consisting of k points and k lines it must be that k > 6.
At present there are, up to duality, only two classes known of finite generalized hexagons and they are related to the Chevalley groups G 2 {q) and 3 D 4 (q) . We denote them respectively by G 2 (q) and 3 D 4 (q) (see e.g. [4] ). Of course, there are two mutually dual choices for these generalized hexagons, but we fix one by saying that 3 D 4 (q) has order (q, q 3 ) and G 2 (q) is a subgeometry of 3 D 4 (q). We will define these hexagons below using Kantor's description (see [4] ).
We now introduce some further notation. Let 5? = (P, B, /) be a finite generalized hexagon. We will always assume that S? is thick. A circuit consisting of six points and six lines (as in (GH 3)) is called an apartment Let A be an apartment and x a variety of 5?. We denote the set of all varieties incident with x but distinct from the 12 varieties of A by A*(x). A chain of seven distinct consecutively incident varieties is called a root. If the middle element of a root is a point, then we call the root short, if the middle element is a line, then we call it a long root. Let 9ί = {xolx\ I -Ixβ) be a root. If a is an automorphism of 5? fixing all varieties incident with JCI , x 2 , x-$, 357 X4 or x 5 , then we call a an ίR-elation or, in general, a root-elation. If the group of 91-elations acts transitively on the set of apartments containing *H (for fixed JH), then we call ΰ\ a transitive root. In that case the action just mentioned is regular. If every root of S? is transitive, then S? is called Moufang and it was observed by Tits (see [9] ) that a theorem of Fong and Seitz [3] implies that, amongst other things, all finite Moufang generalized hexagons arise from the Chevalley groups mentioned above.
Two varieties x and y of & are called opposite if they lie at distance 6 from each other in the incidence graph, i.e. if they are opposite vertices or opposite sides in every apartment containing them. Let x and y be two opposite varieties and let a be an automorphism of 5? fixing every variety incident with x ox y. Then we call a a generalized homology or an (x, y)-homology. Consider the group &{x, y) of all (x, j/)-homologies. The number of orbits of &{x, y) on the set of all varieties incident with a given variety z which is in turn incident with x or y is independent of the choice of z and it is at least 3 (since {x} or {y} is an orbit, as is the unique variety incident with z and nearest to x or y). If that number is exactly 3 for some (and hence for all) such z, then we say that S? is (x, y)-transitive and that (x,y) is a transitive pair. If every pair of opposite varieties of a given apartment A is transitive, then we call A itself transitive. If every apartment of S? is transitive, then we say that S? has transitive apartments. The aim of the present paper is to show that the latter is equivalent to S? being Moufang. Hence our main result: MAIN In §2 we will show that both Gι(q) and 3 D 4 (q) have transitive apartments (and hence also their duals). In §3 we prove the converse.
The classical generalized hexagons Gι(q) and
ι D^{q) We start with Kantor's description of 3 Λι(#) (see [4] 
Finite generalized hexagons with transitive apartments.

Generalities, From now on we fix a given finite thick generalized hexagon 5? of order (s, t) and a certain apartment A in S?.
We suppose that & has transitive apartments. By duality, we can assume that s > t. We denote the elements of A by
If Xι,X2, ... ,Xi, i a positive integer, are varieties of S? then we denote by &{x\, x 2 , ... , Xi) the group of automorphisms of S? fixing all varieties incident with at least one of X\, ... , x/. If we want the group fixing moreover varieties y\, y 2 , ... , y ; for some positive integer j 9 then we write %[ y ^ 9 , mm9 y)(x\, ... , Xi). We denote the identity of the automorphism group of 5? by the usual 1. Here are some useful lemmas.
Also the dual holds.
Proof. This is obvious if t = 2, so suppose t Φ 2. 
By the preceding paragraph, we may assume
So the group ^{p\ 9 Pe) acts non-trivially on A*(p 2 ). But if a nonidentity element a e ^(pi, pe) fixes at least one element of A*(p 2 ), then it must fix a subhexagon of order (1,5) 3 . Now let /? be as above and consider β e &(p\ 9 Pe) mapping p into any other point of S?' in A*(L\). Again using Thas [6] If some non-trivial element of %?{L\, Le) fixes an element of A*{Li), then it must fix a subhexagon of order (s, ί ; ), implying t f = t by Thas [6] again. Hence &{L\, L 6 ) (and also ^(L 3 , L 4 )) acts semi-regular on A*(L2). By Lemma 4, there exists a non-trivial σ € L 5 (Pi 9 L\) and by Lemma 5 we can choose σ such that it also fixes every point incident with L3. But now we can assume (by Lemma 1, e.g.) that &" contains p°. Hence σ is a root-elation in S? 1 and hence it fixes all lines through pi and p 4 . So σ is a root-elation and by Lemmas 1 and 2, all short roots of S? are transitive. Hence 5? is Moufang.
Again it it clear by the proof that every root-elation is generated by generalized homologies. This completes the proof of the second case. , & is Moufang. Hence we can assume that σ = σ'. But that implies that σ fixes all points of M and all lines meeting M since σ' does. Since M was arbitrary, σ fixes all lines at distance three from/?2 > hence again by Ronan [5] , S?, is Moufang.
Note however that this third case cannot occur since all Moufang generalized hexagons of order (s, ί) with s > t have subhexagons of order (ί, t). This completes the proof of our main result.
Remarks.
A similar theorem for generalized quadrangles follows immediately from Thas [7] . The finite thick generalized quadrangles with transitive apartments are the classical ones of order (q, g) 9 (q, q 2 ) and (q 2 , q), for prime powers q. The classical generalized quadrangle H(4, q 2 ) or order (q 2 , q 3 ) is only (x, y)-transitive for all pairs {x 9 y) of opposite points. However, the result in Thas [7] is stronger than that. Indeed, for generalized quadrangles it is enough to require (x, y)-transitivity for all pairs (x, y) of opposite points in order to conclude that the generalized quadrangle is Moufang.
As for the generalized octagons, they behave much like the H(4, q 2 ) generalized quadrangle above with respect to generalized homologies. So there exists no finite thick generalized octagon with transitive apartments (and presumably neither an infinite one).
